Particles of micrometer to nanometer size often aggregate to form branched structures. Such materials include metals and metal oxides as well as biological and polymeric materials (considering the persistence length as a primary unit). Characterization of such structures is difficult since they typically display disordered, irregular features in three dimensions. Branched aggregates display two limiting size scales: that of the primary particle, R 1 and that of the aggregate, R 2 . The mass-fractal model is often used to describe such structures where the aggregate mass, z = M 2 / M 1 , is related to the aggregate size, r = R 2 / R 1 , through a scaling relationship z = ␣r d f , where the lacunarity ␣ is close to 1 and may depend on the growth mechanism. Scattering of x rays, light and neutrons yields a direct measure of the mass-fractal dimension since I͑q͒ϳq −d f for 1 / R 2 Ͻ q Ͻ 1/R 1 using scaling arguments. For linear, monodisperse aggregates with convoluted chain paths, analytic functions describing both the scaling and larger-size aggregate scattering regimes have been reported. For example, the Debye function for linear, Gaussian coils describes scattering when d f = 2. Real, mass-fractal aggregates, however, can display variability from the linear chain, monodisperse model. Often the branch content is of vital importance to understanding both the growth of aggregates and their physical properties, especially dynamic properties. An approach is presented for the analysis of aggregate branching from static small-angle scattering.
I. INTRODUCTION
High-surface-area, particulate materials often aggregate into loosely branched structures due to a competition between the kinetic laws governing transport and bonding and the reduction in free energy associated with a reduction in surface area. In polymeric materials, directional bonding leads to molecular chain aggregates that can be topologically linear and in some ways structurally analogous to particulate aggregates. For ceramic aggregates formed by partial sintering [1] or partial Ostwald ripening [2, 3] of nanoscale primary particles, such directional bonding is rare (governed by crystallographic features [4] when it occurs) and branched structures are more common. Similarly, pharmaceutical materials can display ramified aggregate structures [5] . Recently, branched aggregate structures have also proven important to models for glass formation [6] . The branch content of aggregate or polymeric structures is of vital importance to physical properties, especially when considering dynamics. The viscosity of polymer melts, for instance, is greatly affected by branch content [7] . Similarly, the reinforcement of elastomers by ceramic aggregates is governed by branch content [8, 9] . For pharmaceutical systems it has recently been shown that bioactivity is strongly influenced by aggregation [5] .
A. Aggregate scattering
Quantification of branch content is challenging since aggregates follow three-dimensional mass scaling [10] hindering two-dimensional (2D) imaging techniques [11] [12] [13] [14] especially when d f Ͼ 2 [12] . Even when microscopy has been used to quantify branching, [6, [11] [12] [13] [14] [15] [16] [17] [18] [19] ] the approach has proven tedious and the results generally qualitative. A simple, direct measure of the branch content for aggregates is highly desirable both for modeling of growth as well as for understanding the properties of mass-fractal aggregates, especially dynamic properties.
Static-scattering techniques have been used to great success in characterizing disordered aggregate structures [10, 11, 13, 14, [20] [21] [22] . Generally, Guinier's law [23] 
and the fractal scaling law [11] I͑q͒ = B f q
have been found useful to locally describe the signature of mass-fractal aggregates in scattering, where q = ͑4 / ͒ sin͑ /2͒ and is the scattering angle, R g is the radius of gyration for the aggregate, G is defined as Nn e 2 where N is the number density of particles and n e is the number of electrons (for x-ray scattering) in a particle, d f is the mass-fractal dimension, and B f is the scaling prefactor in the fractal, power-law regime [22] . The primary particle contribution to scattering occurs at smaller sizes and is indicated by a second, high-q Guinier function G 1 , R g,1 , as well as, often, a scaling regime reflecting Porod's law [24] :
where B P =2G 1 S 1 / V 1 2 , and S 1 and V 1 are the surface area and volume of the primary particles. The index 1 refers to the smallest-size scale for the aggregate, the primary particle.
These local, scattering laws describe the overall structural size, Eq. (1), and mass/surface scaling (2) and (3) of a structure. The local laws cannot independently describe topological features such as branch content. For example, a Gaussian linear chain displays d f = 2 and follows Eq. (2) in the same way that a randomly oriented disk displays the scaling signature of a two-dimensional structure. The two structures cannot be distinguished by the power-law scaling regime alone. Similarly, the Guinier regime cannot independently distinguish between disk and linear Gaussian scattering. This is a manifestation of the loss of phase information inherent to static scattering. However, the power-law and Guinier regimes of scattering reflect different average attributes of a fractal structure and in combination can yield new information. By describing the scattering curve across multiple regimes, information pertaining to topology can be ascertained from a static measurement as is supported by the difference between scattering functions for two-dimensional objects of different topology-e.g., disks and Gaussian coils, described later.
A global scattering function [22, [25] [26] [27] for mass-fractal aggregates has been previously reported and demonstrated. For aggregates with primary particles that display sharp smooth interfaces, scattering can be represented by seven parameters, with index "1" representing the primary particles and index "2" the aggregates
From the three parameters associated with the primary particles we can calculate the primary-particle size d p as the ratio of the third to the second moment of size, the polydispersity of primary particles, and the number density of primary particles [28, 29] .
By combination of the primary and aggregate parameters, the degree of aggregation, z, can be calculated in several ways [22, 28] . z reflects the number of primary particles in an aggregate and is proportional to the aggregate mass. Using the Guinier prefactors of Eq. (1), the ratio of the second and first moments of the number distribution of z is obtained [22, 28] :
and 1 2 , where N 2 is the number density of aggregates, n e,2 is the average number of electrons in an aggregate, N 1 is the number density of primary particles, and n e,1 is the number of electrons in a primary particle. The superscript on z in Eq. (4) is associated with the source moments. This calculation involves no assumptions concerning the aggregate structure except that the particles described by G 1 aggregate to form the structure described by G 2 . z can also be calculated using structural sizes and scaling from scattering [30] .
Chainlike aggregates, which do not display branching, are termed "linear" aggregates. For instance, a linear polymer chain in a solvent, a random walk, displays a dimension d f =2 [31] , while a linear chain in a good solvent, selfavoiding walk, displays a dimension d f =5/3 [31] [32] [33] 
where ⌫͑͒ is the gamma function. For branched aggregates, Eq. (5) is no longer appropriate since it is based on an asymptotic value from an integral for linear structures [22, 34] . Equation (5) will be modified to account for branched structures in this article. First, scaling laws for branched aggregates will be summarized.
B. Scaling laws for branched aggregates
In Fig. 1 , a linear chain aggregate and a branched aggregate are schematically represented in two dimensions. The branched aggregate, Fig. 1(b) , can be described in terms of a minimum path across the aggregate, open circles in Fig. 1(b) , which is, in this case, identical to the linear chain path of Fig.  1(a) . It is convenient to describe a scaling relationship between the number of primary particles in this minimum path, p [open circles Fig. 1(b) ], with the aggregate size R 2 and with the degree of aggregation, z [8, 35] :
where c is the connectivity dimension and R 1 is the size of the primary particles or the smallest size displayed by the aggregate. (c is also termed the intrinsic dimension [36] .) The minimum path is a fundamental feature of a branched aggregate and describes the scaling behavior of branching with mass in terms of c and z. Since Eq. (6) relies on z, it is inherently necessary to know the structure of the primary particle, R 1 , to determine features related to aggregate branching, the second scaling relationship of Eq. (6 
so that only two principle scaling dimensions are needed to describe a branched aggregate. d f in Fig. 1(a) is identical to d min in Fig. 1(b) so that the branched aggregate might be described as z / p superimposed chains of dimension d min . Table I gives values for well-described regular ͑d f = c͒ and mass-fractal structures to clarify the use of Eqs. (6)- (8) . A regular structure is considered, in this context, as a fully branched object of mass-fractal dimension d f . In addition to these scaling relationships, a regular object displays the highest degree of asymmetry possible for a given value of d f .
The number fraction of branches, br , in an aggregate can be calculated from
However, the number of branches in an aggregate, n br , can only be calculated if the mass of an average branch, z br , is known,
where z br is the number of primary particles in an average branch. The situation can become fairly complicated if multiple generations of branching occur in a hierarchical structure such as an arborial or dendric polymer [37] . Nonetheless, the branch fraction, Eq. (9), remains a viable measure of branch content on a relative and absolute scale. Figure 2 shows the behavior of br for branched aggregates of variable z as a function of c. The branch fraction is of limited sensitivity for large c or large z, Eq. (9). The connectivity dimension c varies from 1 for a linear chain to d f for a regular object. For a series of aggregates with variable connectivity dimension c but with a fixed number of primary particles, z, the branch content increases in a nonlinear fashion with c as shown in Fig. 2 . Figure 2 is intended to indicate the optimal range of sensitivity for the branch fraction-i.e., small c and relatively small z. At times it is useful to describe the average coordination number c N for primary particles in a branched aggregate [1] :
͑11͒
The coordination number also depends on the mass of an average branch, z br .
C. Disk versus Gaussian, linear-chain scattering
For a monodisperse population of aggregates, Eq. (5) is not correct if the aggregates are nonlinear. For instance, for objects with d f = 2, the extremes of a Gaussian, linear polymer and a disk can be considered, Table I . The scattering function for a disk of radius
indicates B f = G 2 / R g 2 , from the scaling prefactor in Eq. (12), whereas Eq. (5) yields the value for a Gaussian, linear-chain aggregate, B f =2G 2 / R g 2 as can also be obtained from the De- 
Dependence of branch fraction, Eq. (7), on connectivity dimension c and number of primary particles in an aggregate, z.
bye scattering function for a monodisperse, linear chain in extrapolation [22, 34, 38] :
linear, Gaussian.
͑13͒
Then, from the extremes of linearity and branching in 2D-objects, the power-law prefactor B f decreases with branch content relative to G 2 and R g,2 . This means that the scattering curve for branched structures will display a weak knee in the mass-fractal regime for a log-log plot, as shown in Fig. 3 , q = 0.003 for the disk, scaling function. Such a weak knee was also noted by Thouy and Jullien for branched aggregates [39] . It should be noted that a monodisperse disk displays oscillations in the scattering pattern, as indicated by Eq. (12), which are not shown in the scaling function of Fig.  3 . The knee feature could be overlooked in the absence of a comparable linear scattering function. Even the most extreme case for d f = 2, Fig. 3 , shows only a weak deviation from the linear curve. The knee is expected to be more prominent for higher d f since d f and branching are related as discussed below. From such comparisons it is expected that information concerning the branch content of aggregates might be available from static-scattering measurements if a direct comparison between the Guinier and power-law scaling regimes of aggregate scattering is made and if a sufficient range of q is observed.
D. Mass-fractal correlation function
A scaling form for mass-fractal scattering in the powerlaw regime, Eq. (2), is calculated using the pairwise correlation function [10, 11, 14, 21] ,
where r is a correlation distance associated with the scattering measurement, r ϳ 1/q. For r Ͻ R 1 , ␥͑r͒ = 1, and for r Ͼ R 2 , ␥͑r͒ = 0. The scattered intensity at q is given by the Fourier transform of ␥͑r͒ for spherically symmetric objects (on average) [11] :
where the last scaling relationship in Eq. (15) substitutes y = qr and where ␥͑r͒ reaches 0 at the finite size of the aggregate, R 2 , making the last integral always finite, even when d f ജ 2 [11] . Additionally, it is assumed that the last integral is independent of q in the fractal scaling regime. Various ad hoc "cutoff" functions h͑r / ͒ have been proposed for Eq. (14) to account for the decay in correlation at the aggregate size, R 2 [10, 11, 21] :
with the most common being an exponential decay as originally proposed by Jullien [11] . An alternative to consideration of scaling functions, Eqs. (14) and (14Ј), is to modify the exact calculation of Debye for a linear, Gaussian chain [38] that results in Eq. (13), as first proposed by Benoit [34] . The Debye-Benoit approach is used to obtain Eq. (5) in extrapolation, for instance [22] .
II. SCATTERING FUNCTION FOR BRANCHED AGGREGATES

A. Modification of the Benoit function for branched aggregates
Benoit [34] introduced an integral function for scattering from linear chain aggregates of arbitrary mass-fractal dimension d f ,
͑16͒
which is obtained from Debye and Peterlin's integral form [38, 40] 
with the substitution of
, ͑18͒
and
where R g is the aggregate radius of gyration and R g,n is the radius of gyration of a linear aggregate of length n. The term FIG. 3 . Log scattered intensity versus log q for monodisperse, linear-Gaussian chains, and a scaling function for disk scattering in the aggregate regime using the unified function [22, 23, 25, 26, 38] .
"6" in the description of n and z assumes Gaussian scaling and can more correctly be written ͑d f /2+1͒͑d f /2+2͒ when d f deviates from 2 [22] . However, this term cancels in Eq. (16), so the exact value is of limited consequence. In Eq. (16Ј), n is the local chain index which progresses from 0 to z, and z is the overall linear-chain length. The lead term in Eq. (16) includes d f which arises from the substitution of dy for dn in Eq. (16Ј) using [34] .
The Benoit integral, Eq. (16), is interesting in that it contains a kind of "cutoff" function since the bracketed term and exponential term go to 0 near the aggregate size [10, 11, 21] . This cutoff function is natural to the linear-chain integral and is not an ad hoc function such as the exponential functions previously used in the literature [21] .
Equations (16) and (16Ј) are useful for linear chains where the chain index linearly follows n and it is within this context that both the Debye function for polymer coils, Eq. Debye's derivation of the polymer chain function, Eq. (16Ј), ignores correlations between chain segments that are not topologically connected [38] . Following a similar assumption, a branched aggregate can be considered, Fig. 1(b) , as being composed of a collection of ͑z / p͒ minimum paths. Then Eq. (16Ј) is written, for a branched aggregate,
where p 1−c normalizes for the number of minimum paths in the aggregate, z / p = p c−1 . n c−1 accounts, within the integral, for the average number of minimum paths with a path length n. Equation (21) ignores correlations between branches just as Eq. (16) ignores correlations between chain segments that are not linearly bonded. The integral is over the minimum path and follows a unique, average minimum path index, n goes from 0 to p. Substitution is made, following Debye and Benoit, except that all terms are defined for the minimum path using the minimum dimension,
parallel to Eqs. (18) and (19) . With these substitutions a modified form of Eq. (16) is obtained:
͑24͒
B f for branched or linear aggregates arises from an extrapolation of Eq. (24) at high q as described by Benoit for Eq. (16) [34] :
͑5Ј͒ Equation (5Ј) allows for a direct determination of the branch fraction from the static scattering pattern of a monodisperse aggregate.
[Equation (24) also contains a slightly modified "cutoff" function that includes the effect of branching through d min .] Equation (5Ј) can be rearranged to calculate d min from parameters measured directly in the static scattering pattern:
.
͑25͒
Equation (25) bears resemblance to the polydispersity parameter previously reported for solid particles [28] . Equation (5Ј) agrees with analytic functions for regular and linear objects, correctly predicting the scaling prefactor for linear Gaussian coils, randomly oriented disks, and approximating the scaling prefactor for randomly oriented rods, Table I .
B. Polydisperse aggregates
Equations (5Ј) and (25) give some indication of the consequences of polydispersity in aggregate size on the scattering curve. , compared to the denominator, from the term G and Eq. (4). Then it is expected that for polydisperse, linear chains, d min calculated using Eq. (25) will be larger than d f,slope observed as the negative of the slope of the power-law decay in the scattering pattern. An aggregate polydispersity index A can be considered to quantify this effect:
where −d f is the observed power-law slope from the scattering pattern. Table II shows some possible values for A. The last entry in Table II indicates that if no assumptions concerning aggregate size distribution or linearity are made, then analysis of static scattering data is limited. Generally, an assumption of either low aggregate polydispersity or low branch content will be necessary in analysis of static scattering from aggregates since, for the case of branched, polydisperse aggregates it is not possible to isolate the effects of dispersion and branching. (A description might be possible if sufficient TEM data on aggregate branching were available or if a model for aggregate growth predicted the branch con-tent for instance. For branched polymers, separate measurement of the chain size distribution could be used or an assumption concerning the minimum dimension could be made.) In terms of B f , branching and polydispersity have opposite consequences for the scattering curve, polydispersity serving to increase the power-law prefactor B f relative to G and R g and branching serving to decrease B f , Fig. 3 . In this article a narrow distribution in aggregate size is assumed and select systems of rather narrow aggregate size distribution are selected for comparison.
III. EVALUATION OF Eqs. (5) AND (25) FOR BRANCHED AGGREGATES
A number of examples of branched aggregate and polymer scattering measurements and simulations exist in the literature for example, [10, 11, 21, 37, 39, [41] [42] [43] [44] . However, since Eqs. (5Ј) and (25) were derived for monodisperse aggregate size and because both the Guinier and mass-fractal scaling regimes must be observed, the number of viable systems for comparison is somewhat limited. Three examples will be shown: a randomly branched polymer in a good solvent [41] , a recent study of diffusion-limited aggregation where changes in branch content and mass-fractal dimension with aggregate size can be considered [42] , and a simulation by Hamsey and Jullien where diffusion-limited, ballistic and reaction-limited branched aggregates were considered [43] . In all three cases, scattering functions over a wide range of q have been reported. The literature scattering curves have been digitized and refit using the unified function [22, [25] [26] [27] [28] [29] following the approach described in this article.
A. Antonitti DVB microgels
Antonietti and Rosenauer performed a careful neutronscattering study of branched polystyrene in a good solvent (deuterated toluene) [41] . Figure 4 shows scanned data from Antonietti and the unified fits to the scanned data. The branched polystyrene was composed of 10% divinyl benzene (DVB) which acts as a random tetrafunctional branching agent with similar molecular weight to the monomer. The neutron scattering measurements were performed on 1% d-toluene solutions. Although radical polymerization was used, fairly narrow aggregate (chain) mass distribution were obtained by fractionation. The polydispersity index M w / M n is reported between 1.8 and 3 which is a narrow aggregate size distribution for branched polymers (M w is the weight average molecular weight and M n is the number average). The molecular weight, by light scattering, and the z values as well as the fit and calculated values are reported in Table III for two fractions differing in molecular weight and branch content.
Using Eq. (25), the minimum dimension can be calculated from the global fits shown in Fig. 4 [22, [25] [26] [27] [28] [29] . As noted in Table I , a linear polymer chain in a good solvent displays a self-avoiding walk with d f =5/3 [31] [32] [33] . For good-solvent conditions it is expected that a lightly branched chain will display good-solvent scaling for the minimum path since the minimum path for the branched chain has some thermodynamic equivalence to the linear chain under these conditions; see schematic in Fig. 1 . The value obtained for minimum dimension from the Antonietti data, Table III, matches the expected value of 5 / 3 ͑d min ϳ 1.67͒ for good-solvent scaling of a linear chain. The analysis indicates that the higher molecular weight fractions display a higher mass-fractal dimension due to higher branch content as indicated by the reduction in linearity, higher c, in Table I. The agreement between   TABLE II [41] . Two fractions were analyzed for d min and branch fraction from small-angle neutron-scattering data. The values with reported error were free parameters in the unified fits of Fig. 4 (25) . The branch fraction is also reported in Table III using Eq. (9). Since the mean branch length is not known, the number of branches can not be calculated, Eq. (10).
B. Comparison with simulation results for monodisperse diffusion-limited aggregates (DLA)
Lattuada, Wu, and Morbidelli [42] report on simulation and experimental results for diffusion limited cluster-cluster aggregation. The simulation results are for monodisperse branched aggregates. Branch content was indirectly controlled through a sticking probability. The simulations were used to calculate the pairwise correlation function which was transformed into scattering functions for comparison with light-scattering data from colloidal aggregates. Scattering curves from simulations were reported as a function of z for small-z, monodisperse aggregates. Lattuada et al. also simulated scattering curves for large-z, polydisperse aggregates as a function of time of growth for comparison with experimental results. Figure 5 shows simulated scattering data for the z comparison as well as fits using the unified function [22, [25] [26] [27] [28] [29] .
The fit results and calculations based on Eqs. (25) and (9) are shown in Table IV (first three data columns). The branch content, bottom row, is shown to increase monotonically with aggregate size z, following Eq. (9). The minimum path dimension remains constant within the resolution of the fit and an increase in the fractal dimension is related to a higher connectivity dimension-that is, more branches-for the larger aggregates. This is similar to the experimental study of Antonietti mentioned above except that the minimum dimension is not determined by thermodynamics in this case and has a lower value, 1.16 rather than 5 / 3. The minimum dimension in this case is apparently governed by the trajectory and sticking probability of the primary particles. These conditions remain constant for variable z leading to a constant d min .
Lattuada et al. [42] also simulated growth by considering a time sequence growth for diffusion limited aggregation, Table V shows results from fits to scanned, simulated scattered intensity from diffusion-limited, reaction-limited, and ballistic aggregates by Hasmy and Jullien [43] . An expected increase in d f is seen across these three growth mechanisms. From unified fits using the approach outlined in FIG. 5 . Simulation results from Lattuada et al. [42] and global fits [22, [25] [26] [27] [28] [29] . Simulations are for monodisperse aggregates formed by diffusion-limited aggregation. this article, d min increases in the order diffusion-limited aggregation (DLA), ballistic, reaction-limited aggregation (RLA), indicating that the minimum path is more convoluted for ballastic and reaction-limited growth compared to diffusion-limited growth. The connectivity dimension increases in the same order, indicating slightly higher branching, as reflected in the branch fraction br from Eq. (9) . Surprisingly, the largest effect, and the dominant one in terms of the fractal dimension, d f = c d min , comes from increased convolution of the minimum path rather than increased branching.
IV. CONCLUSION
An approach to the determination of branch content in aggregates using static, small-angle scattering was described. The approach requires measurement of the power-law scaling and Guinier regimes for the aggregates across a wide range of scattering vector. The branch fraction can be obtained if the degree of aggregation, z, is known. The topological dimensions d min and c can be obtained by an extension of the structure factor for linear-chain aggregates following assumptions similar to those used by Debye in derivation of the linear, Gaussian structure factor for polymer coils. c and d min can be used to describe branching in randomly aggregated structures. Structure factors for regular objects such as randomly oriented disks and rods can be reproduced as can the structure factor for a Gaussian coil and self-avoiding walks.
The approach was compared with one experimental study and with three simulation studies from the literature. Values for d min measured in this way agree with the expected value of 5 / 3 for branched polymers in a good solvent from the experimental results of Antonietti and Rosenauer [41] . The aggregate-size simulations of Lattuada et al. [42] for monodisperse aggregates mimicked the experimental results of Antonietti and Rosenauer in that the minimum dimension remained fairly constant as the branch content increased with z. Diffusion-limited aggregate growth simulations of Lattuada et al. on polydisperse aggregates [42] showed growth dominated by branching and a terminal d min that agrees with literature values [36] . For a series of three simulations by Hasmy and Jullien [43] on diffusion-limited, ballistic, and reaction-limited aggregation, the dominant difference in these growth mechanisms appears to be changes in the convolution of the minimum path rather than branching, although branching also increases for comparable simulations.
The proposed analysis of small-angle scattering data clarifies ambiguities associated with differences in scattering curves for linear, c = 1, branched and regular, c = d f , objects. Although a reconstruction of branched structures cannot be achieved from static-scattering data alone, consistent with the loss of phase information inherent to scattering techniques, significant average features of scaling and branch content are, in fact, available from a single static measurement if a sufficient range of scattering vector is probed. The information concerning branch content is contained in a scaling dimension for topology, d min or c, which can be used to calculate the fraction of a structure that is not contained in the minimum path, p. This fraction is termed the branch fraction br . If independent information is available concerning the length of an average branch, then the average coordination number and the number of branches in an aggregate can be determined from br . The approach presented in this article is intended for aggregates of low size dispersion since it is not possible to universally isolate the effects of dispersion in size from aggregate branch content. An index parameter, A, is suggested that can be used to qualitatively determine if the aggregatesize dispersion is important in extreme cases-that is, when A Ͼ 1. Determination of the branch fraction should be made with some caution when a wide dispersion in aggregate size is anticipated. It is shown that the effect of size dispersion and branch content are opposite in terms of the value of the scaling prefactor B f ; branching results in a lower value for B f relative to G and R g while polydispersity leads to a larger B f . This indicates an underestimation of branching for polydisperse branched aggregates. It was demonstrated that the approach might be qualitatively useful even in cases of weak polydispersity, Fig. 6 , if attention is paid to the possible consequences of polydispersity.
